The telegrapher's process with drift is here examined and its distribution is obtained by applying the Lorentz transformation. The related characteristic function as well as the distribution are also derived by solving an initial value problem for the generalized telegraph equation.
Introduction
In this paper we consider the two-valued integrated telegraph signal with rightward velocity c 1 and leftward velocity -c 2 (cl,c2 > 0) and rates 11,12 of the occurrence of velocity switches, (1 when the current velocity is (-1) i+ lci, 1, 2) .
The classical case (c 1 c 2 c;I 12 1) has been studied in many papers and important probabilistic distributions and representations have been obtained independently by various authors and by different methods (for example, Orsingher [8] , Foong [2] , Foong and Kanno [3] , Kabanov [4] ).
When c 1 :/: c and 11 12, the motion differs from that in the classical case in that it displays a drift whose components have also been studied (see [1, 6, 7] ). One component of the drift depends on the different velocities and the other on the different rates. These components differ substantially in the mathematical treatment they necessitate.
In particular, when 11 12, the elimination of the drift requires the Lorentz transformation of Special Relativity Theory. This was first noted by Cane [1] and further examined in [6, 7] but nowhere has an accurate analysis of the transformation and its probabilistic implications been carried out.
Here we discuss the random motion in the original frame of reference (x, t) and in the related relativistic one, (x', t') where the drift has been eliminated. 2(Cl q_ c2),klA2
In the frame (x',t'), the particle moves with velocities c'-+ (,x I + ,x2)2
initially chosen with equal probability 1/2, and the switches from positive to negative values and vice versa are governed by a homogeneous Poisson process with rate A'--2Al,k 2 1 +-2" t Therefore, the probabilist, in the reference {a', attributes to the random position of the particle, a symmetric distribution p-p{a', t'}. Returning to the original coordinates and writing down the asymmetric distribution p-p(a,t requires careful attention due to the fact that here, differently from the Special Relativity theory, the adjustment of time depends on the random changes of the rates (and thus of the velocity of the particle}.
In the last section of the paper we obtain the distribution p-p(a, t} by means of the usual approach, based on Fourier transforms. This also enables us to present the characteristic function in the case where a general form of drift is assumed.
The reader can easily judge how significant the simpification using the relativistic transformation is and how deep an insight into the intimate structure of the random motion is afforded.
The relativistic approach also immediately yields the form of the flow function and therefore the joint distributions of the position and of the velocity of the particle.
Features of Motion and the Governing Equation
We assume that at time t-0, a particle starts from the origin and that its initial velocity is the two-valued r.v. The time intervals separated by velocity changes are independent r.v.s (also independent from V(0)).
Thus the particle moves forward with velocity c 1 and backward with velocity -c 2 and the changes are governed by a non-homogeneous Poisson process.
For the probabilistic description of the random position X-X(t)-f toV(s)ds we need the following distributions fl(x,t)dx Pr{X(t) dx, V(t)-Cl} f2(x, t)dx Pr{X(t) dx, V(t) c2}. The Lorentz transformation discussed in Section 3 permits us to derive the distribution p(x, t)dx Pr{X(t) e dx} from that of p--p(x',t'). By exploiting well known results in literature (see [3, 8] ) we can express p(x', t') as follows: is the zero-order Bessel function with imaginary argument. In view of a result in [8] we can also write the expression for the flow function w-w(x',t') in the following We now present what we consider the most important result in this paper. --
Since the Dirac delta function is concentrated in x-c it and x--c2t we have 2Al'k2 of the distribution P(x,t)-P(X(t)<_x}.
for E R and t >_O. Proof: We first note that the Fourier transform of equation (2.4) is d2F
It is straightforward that the general solution of (5. cl -t2
1 -1/2e-"lt -1/2e-"2t 1 P{X(t) + clt } P{X(t) c2t }.
